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Introduction Let -B^+i be the group of braids with n + 1 strings. It has 
a presentation , 

(0) : Bn+i = [di, . . . , cr„ I (jjCJfc = o-fcCTj for\j -k\>l, ajakaj = akcrjak for\j - k\ = 1] 

A braid b in i?n+i is called quasipositive if there are braids wi, . . . ,Wk € 
Bn^i such that 

(T) : 6 = {'Wiai^w^^){w2cri^W2^) . . . {wkCTi^w'^^) 

each Wj can be supposed positive. 

The purpose of this paper is to solve the quasipositivity problem in -Bn+i, 
i.e. to find an algorithm which decides if a given braid is quasipositive or 
not. This result can be used in the 16th Hilbert problem, which deals with 
the classification of real algebraic curves. 

We refer the reader to Orevkov [7], [8], Rudolph [9], [10] for more moti- 
vations. Our algorithm is based on the ideas of Garside, see Garside [5]. 

It is based on Theorem 1 below which was conjectured by S. Orevkov. 

Let us denote by -B^+i the monoid of positive braids, this is the monoid, 
(semigroup with the unit) defined by the presentation (0),see Birman [1], 
Garside [5] for details. 

It is known by Garside that B^j^-^ coincides with the submonoid of i?n+i 
generated by cii, cr„- 

This means that two positive words in ai,...,an represent the same 
element of -Bn+i if and only if one can pass from one to another using only 
positive relations. 

Moreover theses positive relations don't change the number of generators 
so we can define on B^_^_-^ a unique length function giving this number. 

We say that a (left) divides b {a right divides b) and we note a ~< b 
(6 >- a)if there exists c satisfying b = ac {b = ca). 

Let A be the Garside element of Bn+i- 

A = (fTifT2 . . . cr„)(o-io-2 . . . an-i) ■ ■ ■ {cria2)ai 
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This element is "almost central", i.e. AcTfc = (T„+i_feA for 1 < fc < n.Let 
us denote an+i-k by cjfe. We then obtain, for any word a in Bn+i- if s even 
A^a = aA* and if s odd, A*a =aA*; in the next,we note A*a = aA* when 
we don't know if s is even or not. 

This implies that a positive braid b is right divisible by A in -B^^^ if and 
only if it is (left) divisible and we shall say in this case that 6 is divisible by 
A. We call by simple clement, every positive word which divides A. 

Any braid can be represented in the form A~^w with an integer r and a 
positive braid w which is not divisible by A. 

Moreover, there is an effective algorithm which allows to compute such 
a representation, see Garside [5], Morton, El Rifai [6] and we give here a 
Garside's lemma useful for the next. 

Lemma[Garside]0 1 We give positive words X,Y such as UiX = UjY for 

generators ai, aj. 

Ifi = j,then X = Y. 

If K ~ il — 1; then there exists Z such as X = OjUiZ and Y = UiUjZ . 
-^f 2 < |z — j\, then there exists Z such as X = ajZ and Y = UiZ . 

In the next paragraph, we give series of results and in the following one 
their proofs .In the last one we give a computational algorithm and we study 
its complexity. 



Statement of the result 

Definition 1 1 Let w G -B^+i, w = uav. We note 

1 

w = uav — > uv 



to say that we pass from w to uv by eliminating one generator. This last is 
said to be a 1-sequence. So for any X in B^_^_^,the k-sequence 



X ^Y 



means that we pass from XtoYby eliminating k generators, i.e there exists 
k + 1 positive words Lj with < j < k such as 

Lk = X 

Lj+i Lj 
Lo = Y 

REMARK: 

k 

X Y represents one of the way to reduce X to y.When we have to 
be more precise, we write 
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X = X^Si^Yk X^Yk — Xk_i5i^_^Yk_i ^—^ XiSi^Yi XiYi = Y. 
Moreover, if there exist others {Xj,Yj, S'^^) reducing X to F, we say that 
the two k-sequences are equivalent. 

EXAMPLE: 

We note 1 for ai, 1^^ for cti^ , 2 for (72 and so on... 
Let the word 2131 be in B4 then 

2132 ^ 212 = 121 ^ 11 

that is 

2132 ^ 11 

We sec in this example that we can't delete two generators straight away 
of the initial word; we have to transform 212 into 121. 

k 

The k-sequence X ^ Y is more general than deleting k generators at 
the same time and in the same word X. 

We can summarise the results of the whole paper, by: 

Fundamental Result 1 For positive words X , Y, with length{X) = length{Y)+ 
k, the following are equivalent: 

1. Y~^X is quasipositive 

2. X ^Y 

3. Xdid2dz---d}~ = Ydiai^d2(Ti2d2...aii^_^dkai^, for positive dj and gen- 
erators ai- 

The dj's are defined in the next. In this case, one quasipositive form of 
Y-^X is 

Y~^X = {did2...dk)~^diai^d2(Ti.^d?,...ai,^_^dk(Ti^ 
Moreover, we have a finite number of quasipositive forms for Y^^X; each 

k 

form corresponds to a way to reduce X to Y , hy X Y , and theses last 
are finite. 

Lemma 1 1 For positive words A, X, Y , and a positive integer k,the k- 

k k 
sequence AX — > AY is equivalent to the other one X ^Y 

Theoreml 1 We give b = A^'''bi...bs = N^^P written in its normal form, 

k 

with algebraic length k, then b is quasipositive if and only if P ^ N . 
PROOF: 

Let b be quasipositive, b = A~''6_|_ : by definition b = wiai^wi~^ ...Wkai^Wk~^ 
for positive Wi . Each Wi written in its normal form gives Wi = /SJ^'^Wi^ and 
also Wi~^ = A~*'*Wj+ for rui^pi positive integer. Moreover WiWi"^ = 1 is 
equivalent to A"*»u;j+A~P»i;j+ = 1, A'^^~P''Wi^Vi^ = 1; finally wl^Vi^ = 
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We can write b as b = A"^'^~P'^'^---'^'^'<=~P''wl^di-^vi^...Wk+(fii,Vk+, and we 
note w for wi^aij^vi^...'Wk+(fii^Vk^ and m — p for mi — pi + ... + — pk- 

If we cancel in w all the generators ai^, w becomes wi_^_vi^...Wk+Vk-]- 
which is equal to AP^~'^^~^-~^P''~"^'' = A^'~™.In other words, 

yj ^ ^pi-mi+...+pfc-mfc 

Puthermore, b in its normal form satisfies w = A"6+, for an integer u. 
As b = A-'' 6+ and b = A'^-Pw, we obtainA'"-Pw; = A-''6+, w = 

Finally r + u = p — m and the sequence becomes 

w = A"6+ AP-"^ = A" A'" 

k k 
By lemmas above, AX — > AY beeing equivalent to X — > y, we obtain 

here, by simplifying by A", 

b+^A"- 

Moreover b = N^^P satisfies by definition RP = 6+ and RN = A^ for 
a positive R: the sequence above becomes 

k 

= RP —^A'^ = RN which is equivalent to 

P^N 

— 1 k 

Conversely, ii b = N ^P satisfies P ^ N, we can write P = ai^...ai^N 
and obviously b = N~^aij^...ai^N is quasipositive. 

EXAMPLE: 

In B4, b = 212-^2-^32 is quasipositive, with k = 2: b= 1-^-^2132 in 
its normal form; we have 

P = 2132 ^ iV = 11; indeed 

2132 ^ 212 = 121 i 11 

Theorem 11 gives us a thcrotical way to decide whether a word is quasi- 
positive or not. We now give some results, proven in the following, which 
lead us to a computational algorithm. 

k 

Dealing with a k-scqucncc X ^Y, we saw that the k generators deleted 
are not necessary deleted at the same time; but we see in the next that we 
can trasform any sequence into one of the form 

k 

Ai(7j^^2-..^feO'ij.^fe+i AiA2...AkAk^i 
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where the k generators can be deleted in the same word and at the same 
time. 

Lemma 2 16 = A~'^'6_|_ with algebraic length k is quasipositive if and only 
if there exist k + 1 positive words Ai, ...,Ak^i and k generators Ui-^, ■■■I'^ik 
such as 

b+ = Aiai^A2(Ji.2...Akai^Ak+i 
A"'' = AiA2...AkAk+i 

k _ 

This lemma gives a stronger result than b+ ^ A ''.Unfortunately, we 

k 

can't obtain a similar version for P — > A'^.But wc have a slighty different 
one, which will give the main tool for an algorithm. 

Lemma 3 1 We give b = A''^b+ = A'''^bib2---br---bs with algebraic length 
k. We define for < j < r, 

~ bj+l---bs-r+j 

and Nj such as 

bi...bjNjbs-r+j+i---bs = A^ 

b is quasipositive if and only if for one j, < j < r, there exist k positive 
words A2, ...,Ak^i (here Ai = 1) and k generators ui-^^, ■■■,o'ik such as 

Pj = (yhA2(Ti^...Ak(Ji^Ak+i 
Nj = A2...AkAk+i 

In this case, we output the quasipositive form of 6:we set Tj = {bs-r+j+i---bs) 
and 

TjbT-^ = N-'P, so 

b = Tr\{A2...AkAk+i)-^{ai,A2ai^...Akai^Ak+i)]Tj 

Technical proofs The next lemma is a classical known result. 

Lemma 4 1 Igcd (left greatest common divisor)is distributive. 

Let R,A,B be words in Bn+i,lgcd {RA, RB) = R Igcd {A,B). 

(resp. rgcd (right greatest common divisor) is distributive, rgcd (AR, BR) = 
rgcd {A,B)R). 
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PROOF: 

A = Igcd {A, B)A' and B = Igcd {A, B)B' by definition of Igcd, for 
positive A' ,B' . 

So RA = R led {A, B)A' and RB = R Iged {A, B)B', tliat is 

R Igcd {A,B) ^ Iged {RA,RB), Igcd {RA, RB) beeing the left greatest 

common divisor. 

Let U be such as Igcd {RA, RB) = R Igcd {A, B)U. 

Then Igcd RB) = R Igcd (A, B)U <RA = R Igcd (A, gives 

R Igcd (A,fi)f/ ^ i? Igcd {A,B)A\ so U < A' and in the same way 

U -< B'. 

Finally, Igcd [A, B)U divides Igcd {A, B)A' = A and also B: 
but Igcd (^4, B) beeing the left greatest common divisor of A and B , 
U = 1 and we have the result, 

Igcd {RA,RB) = R Igcd {A,B). 

The next one, very important for the next, already appeared in some 
work of Juan Gonzalez-Meneses. 

Lemma 5 1 Let w be a word in B^_^i and a a generator. 
We note Dw\a) = (X positive such as wX -< awX). 
In this case wXa' = awX for a generator a' . 

Dyj\a) is not empty and has a minimal element for left divisibility, called 
dyj\a),this last divides all X G D^j^a). 

(We have same results for right side: dw^{a) minimal for right divisibility 
in Dy,'^{a) =(Y positive such that Ywa >- Yw)). 

PROOF: 

Let w be written in its left normal form, 

w = A'^'bi-.-bs 

with — r integer and let be such as 6jaj = A for 1 < z < s. 

We have bi...bs-ibs.asaf-i...di = A* and if we note X = asai-i...di then 
X satisfies awX = aA~'^bi...bs.asaf-i...bai = (7A~''+* = A~''+*a- that is 

awX = wXa 

and X G Dj{a). 

Let's now prove that Dj'{a) has a minimal element: if X and Z are in 
Dyj\a), also is lgcd(X, Z), indeed 

awX = wXa' 

awZ = wZa" 

for generators a', a". 
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Then lgcd{awX,awZ) = lgcd{wX a' ,wZa") and by Lemma 31 on the 
distributivity of Igcd, aw lgcd{X,Z) = w lgcd(Xa' , Za"). 
But lgcd(X, Z) -(X ^ Xa' and lgcd(X, Z) -< Z Za" so 
Igcd (X, Z) -< Igcd {Xa\ Za") and w Igcd (X, Y)u = w Igcd {Xa' , Za") 
for a positive u. 

If wc replace this in what before, o'?j;Igcd(X, Z) = w\gcd{X, Z)u. 

Now, dealing with positive words, the algebraic length of the two factors 
in the equality must be equal, so ti is a generator, u = (3 

Finally aw Igcd {X, Z) = w Igcd {X, Z)u gives aw Igcd {X, Z) = w Igcd 
{X, Z)f3 so Igcd (X, Z) satisfies the same properties as X, Z, 

Igcd {X,Y)^Dj{a). 

And dj'{a) can be taken as beeing the commun Igcd of all words in 
Dj{a). 

Lemma 6 1 Let w be a positive word, a a generator and dw\a) as above: 
awdyj^a) = wdw\a)a' . 
If f and h are positive words such as 

awf = wh 

then, dw\a) -< f, dj'{a) -< h and if f = dj'{a)x, h = dj'{a)a'x for a 
positive X. 

(We have same results for right divisibility). 
PROOF: 

We use Garside's Lemma to prove it when u; is a generator: w = (3 
\i a = P then af3 = Pa and dyj^a) = 1, dyj^a) obviously divides / as 
above 

if a and P commutes then again (t/3 = l3a and dj'{a) = 1 as above 

if a Pa = PaP, then dyj\a) = a and we know: 

aPf = ph gives f = ax and h = aPx for a positive x which gives 

dw^{cr) -< if, h), f = dj{a)x, h = dj{a)a'x, a' = p. 

(we have same results for right divisibility) 

So let's write now the proof in the general case: 

awdyu\a) = wdj'{a)a' 
awf = wh 

We have Igcd^awdyJ" {a) , aw f) =\gcd{wdj'{a)a' ,wh) which is equivalent 

to aw\gcd{dw\o-) , f) = w\gcd{dj'{a)a' ,h). 

If we note a =\gcd{dw\<j) , f) and b =\gcd{dyj' {a)a' , h): 

au = dw{a) for a positive u and awa = wb gives awau = wbu, that is 

awdw{a) = wbu but awdy,\a) = wdj'{a)a' so 

bu = dyj\a)a' 
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If u no equals to 1 then u = v6 for a generator S: 
au = dyj^a) gives aua' = hu that is avSa' = bv6. 

The word S 'pscudocommutes' with a' and ds '{a') satisfies ds^{a')6a' = 
a" {a')5; there exists y positive, as a consequence of Lemma 5 1, with 

av = yds^{a') 
bv = ya"ds'"ia') 

Finally, 

awdj'{(7) = wdj'{a)a' 
awau = wbu 
awav6 = wbvd 
awyds^{a')S = wya" ds' {a')5 
awy = wya" 

and y satisfies the same propriety as d.J'{a), y belongs to DJ'{(j). 
But yds^{a')6 = d and y is strictly smaller than dyj^a); which is a 
contradiction of the minimality of d^'' in Dy,\a). 

As all this results from u not equal to 1 ,we obtain u = 1 and 

lgcd(d,„'(cT), f) = a = au = dj{a) 

\gcd{du,\cr)a' , h) = b = bu = dw\a)a' 

so dj{a) -< f4J{a)a' < h; 

if we put / = dyj\a)x, then awf = wh gives 

awdw {a)x = wh 

wdj" {a)a' X = wh 
and h = dj'{a)u'x, which is what we are looking for. 

k 

Lemma 7 1 Let X ^ Y be a k-sequence, then there exits k positive words 
di, ...,dk and k generators ai^, ■■■,(^ik such as 

Xd1d2--.dk = Ydiaij^d2(Ji^---dkcrif, 

PROOF: 

k 

X ^ Y means there exist Xj, Yj, Si- ,1 < j < k satisfying 
X = XkSii^Yjf. X^Yk = Xk_i5i^_^Yk-i ^—^ X2Y2 = X\5i^Yi -^Y = X{Y\ 
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We now consider : 

di — dY^^{5i-^) which satisfies by Lemma 5 1. Sj-^Yidi = Yidi(5^^ 
d2 = dy-^di'' [hz) such as 5i.^Y2did2 = Y2did25[^ 

dj = dY^did2...dj^i''{5ij) such as 8iYjdid2...dj^idj = Yjdid2...dj^idj5[^ 
dk = dYkdid2...dk_/{^ik) such as 5i^Yj.did2...dk-idk = Yjkdid2...dk-idk5'i^ 
By definition of theses dj , we have by multiplying the sequence above by 
did2...dk: 

for the first line , Y d1d2--.dk 

for the second one, X2Y2did2---dk = Xi5i-^Yidid2---dk = XiYidi6[^d2---dk = 
Yd\5[^d2---dk\ moreover this equality gives X2Y2di = YdiS'^^ 

for the third one, X3Y3did2---dk = X25i2Y2did2.--dk = X2Y2did25[^d^--.dk = 
Y d\5[^d25[^d^...dk by what above; and we also obtain X^Y^did2 = Ydi5[_^d25[^ 

for the fcth one, XkYkd1d2--.dk = Xk-i5i^_^Yk-idid2---dk = Xk-iYk-idid2---dk-\5[^_^dk = 
Ydi5[_^d25[^d35'^^...dk-i5'j^^_^dk by induction, 

and in the same way, the final result Xdid2.-.dk = YdiS'j^^d2S'j^^ds5'j^^...dk-iS!^^_^dkS'j^^ 

In the next Lemma, we see that within the condition 
Xdid2...dk = Ydiai^d2C7i^...dkcri^, our dj are minimal. 

Lemma 8 1 Let X = XkSi.Yk ^ XkY^ = Xk-iSi,_,Yk-i X^Y^ = Y be 
a k-sequence. 

If there exits k positive words Ai, ...,Ak and k generators <Tj^, cTj^ such 
as XAiA2...Ak = Y Aiai^A2(Ti^...A]^ai^, then we can find an equivalent k- 
sequence 

X = X'^5[Ji = L,^ X'^Yi = X'^_^5'i^_YU = Lk-i X^Yl = Y = 
Lq such as 

LjAi...Aj = YAiai-^A2ai^...Ajai. 

PROOF: 

By induction on I = length (Y). 

k 

I = 0. Which is equivalent to y = 1. Let X =^ 1 be a k-sequence with 
XAiA2...Ak = ^i(Tij>l2(Ti2---^fccrjj,.We use now an induction on k. 

k = I gives X = XiSi-^Yi ^ 1 and XAi = A^ai-^. Obviously Lx = X 
satisfies L^Ai = Aicrj^, so the result. 

We suppose the resut true for any (k-l)-sequence.With the previous 
datas,we set 

U = Aiai^A2ai2...Ak-iaif^_^.{Ai...Ak-i)^ - 1) 

Which gives U Ai-.-A}^_i = Y Aiai^A2ai^-.-Ak_iai^_-^ and by replacing in 
XAiA2...Ak = Aicrji742cri2"-^fcO-ifc, we obtain X^iA2...^fe = U AiA2...Akai^. 
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U is positive and by using D minimal, as in Lemma 5 1, such as DAxA2...Akai^, 



X = Ea^D 



U = ED 

for E positive. 

k—l 

Moreover, length (U) = k—l gives J7 — >■ 1. As, UAi...Ak_i = Y Aiai^A2air^...Ak_iai^_^, 
the hypothesis of induction gives 

U = Lj Lq = 1 

with LjAi...Aj = Aiai^A2(Ti2...Ajaij.Ii we add X = Ea\^D = ED, 
we obtain a k-sequence with each line Lj satisfying the final result. 

k 

For any Z.We suppose the result true for I — l.Let X =— > Y with length 

(y) = I. 

With Y = Y'8, we obtain a (k+l)-sequence 

X =-^Y = Y'5 ^ Y' 

By setting 1 = a^nd 5 = Gi^, the equality XAiA2...Ak = Y Aiai^A2(Ti2...Akai^, 
becomes XAoAiA2...Ak = Y' AQai^Aiai^A2ai^...Akai^. 

As length iY') = Z — 1, wc have by hypothesis of induction, an equiv- 
alent (k+l)-sequence X = Lj. ^-^ Lj Lq L'q = Y' . Each Lj satis- 
fies LjA^Ai.-.Aj = Y' AQaif^Aiai^A2(Ji2...Ajai.. And Lq is such as LqAq = 
Y' AqGiq which is Lq = Y . 

And the final result X = L}- ^—^ Lj Lq = Y, with LjAQAi...Aj = 
Y' AQai^Aiai^A2ai^...Ajai. eqivalent to LjAi...Aj = YAiai^A2cri^...Ajai.. 

Lemma 9 1 Conversely, if there exits k positive words Ai,...,Ai^ and k 
generators ai^,...,ai^, such as XAiA2...Ak = Y Aiai-^A2(Ti2...Akaii^, then 

X ^Y 

PROOF: 

By induction on I =length(y). 

I = 0: which is equivalent to y = 1. 

XAiA2...Ak = YAiai-^A2cri.^...Akcri^ becomes XAiA2...Ak = Aiai^A2ai^...Akai^.T\ie 
equality of length in the positive monoid gives 1{X) = k and obviously 

X^\ 
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Any I. For Y' with length Z — 1 we suppose the result true: for any 

k 

k integer and XAiA2...Ak = Y Aiai^A2ai^...Akai^ then X ^ Y. We give 
now Y = Y'5 of length I satisfying XAiA2...Ak = Y' 6Aiai^A2ai2...Akai^ 
for positive AiS. 

We consider = 1 and = 5 io have a new equality XAQAiA2...A]f = 

Y'AqG io AiCTji ^2(7 i2 . . .AkUi^, . 

But liy') = Z — 1, we can apply what before to obtain X Y' . Lemma 
8 1 tells us that we have an equivalent k-sequence such as 

X = Lk Lj Lo L'q = Y' and LjAoAi...Aj = Y' AQai^Aiai^A2ai^...Ajai.. 
In a particular case, LqAq = Y' AqGiq which is Lq = Y . 

k 

And the final k-sequence X ^ Lq = Y . 
We now give the proof of Lemma 1 L 

PROOF Lemma 1 1: 

k k 

If X — >■ y, obviously for any positive A, AX AY. 

k 

Conversely if we have AX AY, Lemma 7 1 gives di,d2, ■■■,dk and 
(7i^,cri2, ■■■,(^ik such as 

AXdid2...dk = AYdiCFi^d2(Ti.^...dkCfi^ 

This last equality is equivalent to Xdid2---dk = Ydiai^d2(Ji2---dk(Ji^. when 
simplifying by A. 

k 

And Lemma 9 1 finally gives X ^Y . 

The next two lemmas will lead to the proof of Lemma 2 1. 

Lemma 10 1 Let AaB i AB be a 1-sequence for positive A, B. 
We note the line AaB by Li and the other one AB by Lq. 
Then there exist positive A', B' , a generator a' such as 

AaB = A'a'B' 

AB = A'B' 

Li = AaB = A'a'B' Lq = AB = A'B' 

and rgcd (Li, Lq) = B' . 

(In the same way, we have AaB = A"a"B" and AB = A"B" for positive 
A",B" such as A" =lgcd {Li,Lq)). 

PROOF: 

We note rgcd(Li, Lq) = r and obviously r y B: r = uB for a positive u. 
We also have Aa = xu, A = yu for positive x, y and 

yua = xu 
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By Lemma 3 1, y = y'd and x = x'a'd with d = du {a) : 
Li = AaB = x'a'duB and = AD = y'duB. 
Theses last give (Li, Lq) >~ duB and uB = r y duB. 
Finally d = \ and we put A' = y',B' = uB to obtain the result. (It's the 
same for Igcd). 

In a more general case, we obtain the next result. 

Lemma 11 1 LetLk = Aiai-^A2ai^A-i...Akai^Ak+i ^ Lk-i = Aiai^A2(Ti2As...AkAk+i 

L\ = A\ai^A2...AkAk^i Lq = AiA2...AkAk^i be a k-sequence. 

Each line Lj, < j < k, satisfies Lj = Aiai^A2(7i2---(^ij_-i^AjUi.Ajj^i...Aj^A}^j^i 

where (Ji^ for j + 1 < r < k are cancelled. 

This sequence can be written in an equivalent way, 

L, = A{a[A',a[^A',...A',a[A',^, i L,_, = A',a[^A'2a[^A'^...A',A',^, 

Li = A,alA'2...A',A',^, ^Lo = A[A',...A',A',^, 
such as rgcd (L^, ...,Li,Lo) = ^Jt+i- 

PROOF: 

k 

Let Lfe = Aiai-^A2ai^A^...Akai^Ak+\ Lq = AiA2...AkAk+i be a k- 
sequence. 

We say this last satisfies (E) if = ^'^£7^^ A^a^^^^-^fe'^ifc^fe+i ^ = 
with rgcd (Lfc, ...,Lo) = A'fc+i. 

We use here a double induction. Iduction on k and on I = length {Lq). 
E(k,l) is true, means that a k-sequence with length {Lq) = I, satisfies 
(E) as above. 

The basis of induction are as follow: 

1- E(/c',0) is true for any k' . Indeed, any k'-sequence with length {Lq) = 
gives Ai = ... = Ak+i = 1. Obviously, rgcd (Lfe, ...,Li,Lo = !) = ! = Ak+i. 

Here, the A^'s can be taken equals to Ai = I's. 

2- E(1,Z) is true for any I, by Lemma 10 1. 

We can then suppose E{k',l — 1) is true for any k' and E{k',l) is true for 
any < A;' < A: — 1, and let us prove that 
E{k,l) is true. 

k 

We have the k-sequence Lfc = Ai(7ii^20'i2^3"-^feO"ifc^fe+i Lq = AiA2...AkAk+i. 

We note R = rgcd (L^, Lq). 

We consider the (k-l)-sequence L^-i = ^i(Tj^742(Tj2^3...<7ij,_-^74fcAfc_|_i 
Lq = AiA2...AkAk+i. 

As E(A; — 1,Z) is true by hypothesis of induction, we have 

L,_i = A'^a[j2<^,-A-A Lq = A[A'2...A', 
with rgcd {Lk-i, ...,Lq) = A'^. 
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Moreover, Lj y A^A^^i for < j < k — 1, so rgcd (Lfc-i, Lq) = A'f^ >- 
AkAk+i. And A'fc = VAkAk+i for 
a positive V. 
We can finally write 
Lk = A[a',^AWi,A',...al_^VA',ai,Ak+i. 

Now, if we write A[ = aB, we obtain the following k+l-sequence 

Lk = aBa[^A'^a[^A'^...al ^VAkUi^Ak+i Lq = aBA'^...A'^_^V AkA^+i ^ 
L'o = BA'^...A'^_^VAkAk+i. 

R = rgcd (Lk, Lo) is such as = VAkAk+i = rgcd (Lk, Lq) >- R, 
so Lq y R and R common to Lk, Lq, Lq 

satisfies rgcd (Lk, ...,Lo,Lq) = R. 

We deal wih a k+l-sequence such as length(LQ) = Z — 1; as E(A; + 1,Z — 1) 
is true, this lat sequence can be written, 

T, — A"n" A"n" A" n" A" rr" A" n" /? A /"^ — A" n" A" A" A" 4"7?i 

Lq = AqAiA2...Ai^_-^^Ai^R. 

Finally, by considering Lk Lq with the above A'l^s, our initial sequence 
is written in the right way. 

We give now the proof of Lemma 2 1. 
PROOF Lemma 2 1: 

For h = A~^6+ quasipositive, with algebraic length k, we have the k- 
sequence 6+ A*". 

Lemma 7 1 gives di,d2, ■■■,dk such as 
b+did2...dk = /V diai^d2(Ti^...dkCFi^. 

Let s be an integer as large as needed such as did2---dk -< A* and r < s. 
We have, with did2---dkU = A*, for a positive U, 6+A* = h^did2---dkU = 
diai-^d2(Ji2---dk(Ti^U by Lemma 7 1. 

We can suppose s even, and 6+A* = A*6+ = A''A*~''6+ and, 
A^-''6+ = diai,d2ai2...dkai,U ^ A'-^A^ = d,d2...dkU, (E) 

k 

In 6+ ^ A*", each line of the sequence is noted by Ki: 6+ = Kjt, A^ = 
Kq.H we note A^'^'Ki = Li, 

(E) as above gives Lk = A*~''6+ = diai^d2(Ji2---dk(yifJJ , Lq = A*"'' A'' = 
did2...dkU. 

Finally, each Lj is right divided by A*"'' and Lemma 11 1 gives,by sup- 
posing s — r even, 

A^-'^6+ = b+A'-' = A,6i,A26i2...AkSi,Ak+iA'-' A A^A^"^ = A,A2...AkAk+iA'-' 
By simplifying by A*"'', we have the result. 
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We give now the proof of Lemma 3 1. 
PROOF Lemma 3 1: 

k 

Let h = /Vhj^ be a quasipositive word and 6+ = Aiai^A2ai^...A}^ai^,A}^j^i 
A'' = AiA2.-.Aj^Aj^j^i be the corresponding k-sequencc. 

We have 6+ = b1b2--.br. ..bg in its left normal form. If Ai as above is 
written Ai = ui...Up in its left normal form, we have: 

1- ^1 -< sop<r < s 

2- Ai = ui...Up -< bi...bp 

We prove now that Ai = bi...bp. 
By induction on k. 

If A; = 1. We deal with 6+ = Aiai-,A2 and A'' = A1A2. 
In one side, we have Ai ~< bi...bp. 

In the other side, Lemma 10 1 tells us we can consider Ai equals to Igcd 
A''). As, p<r, bi...bp -< A^: so, bi...bp -< Igcd A'') = ^1 ^ bi...bp. 
Finally, Ai =bi...bp. 

For any k. We suppose the result true for A; — 1: for integers r,s,p, 

k—l 

with p < r < s, such as bib2...br..bs = CiCFi^C2(Ji^...Ck-i(Jit,_^Ck 
A^ = C\C2...Ch and Ci = uiU2...Up in its normal form , we have Ci = 
bib2...bp. 

k 

Let b+ = bib2...br...bs = Aiai^A2ai^...Akai^Ak+i /V = ^i^2"-^fe^fc+i 
be a k-sequence with Ai = uiU2...Up -< bib2...bp. 

Now, as p < r. A'' = bib2...bpUbt+i...bs for a positive U and s+p — r = t. 

k 

The sequence 6+ = blb2■.■bpbp-^.l...btbt+l...bs ^ A^ = b\b2...bpUbt+i...bs 
is equivalent to 

bp+i...bt -H> U 

1 k—l 

we can write as bp+i...bt = XkGijY}- X^Yk U . 
By lemmas above, we obtain 

bib2...bpbp+i...btbt+i...bs = bib2...bpXkaifYkbt+i...bs = Aiai-^A2(Ji^...Akai^Ak+i 
bib2...bpXkYkbt+i...bs = Aiaij^A2ai^...AkAk+i bib2...bpUbt+i...bs. 

k- 

Finally the (k-1) -sequence Lfc_i — bib2...bpXi^Yi^bt-\-i...bs — Aiaij^A20'i2...AkAk^i — 
Lq = bib2...bpUbt+i...bs with Ai -< bib2...bp gives by induction 

Ai = b]b2...bp. 

Moreover, in the previous sequence, we can notice that by Lemma 11 1 
rgcd (Lfc,Lfe_i, ...,Lo) >- 64+1. ..65;as we can suppose ^fe+i = rgcd (L^, Lfe_i, Lq), 
^fe+i = A'j^j^^bt+i...bs for a positive A'^+i- 
We can now conclude by 

bp+i...bt = ai^A2ai2...Ak(Ti^A'^j^^ = A2A3...AkA'^^^. 
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In the next paragraph, we give a computational algorithm and its com- 
plexity. 

Algorithm We give now the practical consequence of Lemma 11 1. 

Lemma 12 1 Let b = A~^bib2---br---bs be a quasipositive word. By pre- 
vious results, for p such as 1 < p < r < s, there exist k positive words 
A2, A^, Ak, Ak+i and k generators such as 

bp-\-l---bp-^s—r ~ 

U = A2A^...AkAk+i 

where U satisfies blb2■■■bpUbp-^-s-r+l■■■bs = A^. 
Then, we can write 

bp+i...bp+s-r = cr[^A'2CF'i^A'^...A'ka[^A'j^j^^ 

such as,for2<j <k + l, A'^ = Igcd (A^-a^. A;+i...A'^(7^^ 
PROOF: 

k 

If for a k-sequence cTj^ A2Ci2^3"-^fc<7ife^fc+i ~^ ^2^3-"^fc^fe+i) there ex- 
ist A'.j as in the lemma above, we say that the sequence satisfies (E). 

We use here a double induction. Induction on k and on I = length (^2"-^A;+i)-We 
say that E{k,l) is true if any k-sequence of length I satisfies (E). 

The basis of induction are: 

1- E(fe,0) true for any /c. Indeed, ^ = means Aj = 1 and the k-sequence 
is ai^ai^.-.ai^^ 1. Obviously, Aj = 1 = Igcd (ai^ai^-.-ai^,!). 

2- E(l,l) true for any LThe 1-sequence is (Ti^^2 — * ^2 and obviously, A2 = 
Igcd (^2,^2). 

We can suppose E(A;,Z— 1) true for any k and E(A;',Z) true for 1 < k' < k—1 
and let us prove E(fc,Z). 

Let Ad be the first factor not equal to 1, the k-sequence becomes aij^...ai^Ad,...Akai^Ak+i 
Ad--Ak+i- 

As Ad = 6A'^, we get a (k-M)-sequence X = ai^...aiJA'^...Akaii^Ak+i 
Y = A'^...Ak+,. 

We have length (A'^...Ak) = 1 — 1 and as E(fe,Z — 1) true for ay k, 
X = Ci(5i^C2(5i2C3...Cfe+i(5ij,^jCfe+2 

Y = CiC2...Cfe+iCfe+2 
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Deleting S corresponds to deleting Si^ so 6A'^...Ak+i = SY = 5C\C2---Ck+iCk+2 = 
Ci ...CdSij C(i+i . . .Cfe_(-2 ■ 

1- If Ci = aC[ is not equal to one, from the k-sequence of length /, 

k 

crhCi6i^C2Si2C3...Ck+iSii^_^^Ck+2 CiC2...Ck+iCk+2, we extract the other 
one of length (Z — 1) where all generators, but (5i^,are deleted 

X' = (ji^C'i5i^C25i2C3...Ck+i5ik+iCk+2 ^Y' = C[C2---Ck+iCk+2- 

E{k,l-l) is true so X' = Di5[^D25[^D3...Dk5[^Dk+i and Y' = DiD2...Dk+i 
with 

Dj = Igcd iDj6'i^Dj+i...DkSlDk+i,D,Dj+i...DkDk+i). 
Moreover, Igcd {X, Y) = Igcd {aX', oY') = aDi and we obtain all datas 
for the final result, (F). 

2- If Ci = l.Then Igcd {X,Y) = l.We note R = Igcd {X,SY) and let a 
such as a ^ R. 

2.1- if a different from 6, then a -< {X,dY) gives a -< {X,Y).As Igcd 
(X,y) = l,a = l. 

2.2- if a = S, S ^ X = Si^C2di2Cs...Ck+iSii^_^^Ck+2- 

2.2.1- if 6 = Si, then X = SC2Si,C3...Ck+iSi,+,Ck+2 and Y6Y = 

SC2..-Ck+lCk+2- 

k 

As before, for ai,C26i2C3...Ck+i5i^_^_j^Ck+2 C2...Ck+iCk+2, 
Fj{k,l — 1) beeing true, we have the final result, see (F). 

2. 2.2- if S is different from then S ~< X = 5i-,C25i^C3...Ck+iSii^j^,Ck+2 

gives 5 < X' = C2Si^C3...Ck+iSii^_^,Ck+2- Moreover, 5 6Y = C2...Cd5i^Cd+i...Ck+2- 
As E{k—l,l) is true, the (k-l)-sequence beeing X = C2Sir^C3...Ck+i5ii^_^,Ck+2 

SY 

where all Si- but Si^ are deleted, we obtain 

X' = SD^5[^D25[^D3...Dk-iS[^Dk 

SY = SDi...Dk 

k 

We use now Lemma 11 1. Given a k-sequence = Aicri^^2Ci2^3"-^fe'^ifc^fe+i ~^ 
Lq = Ai...AkJ^i 

where ai^, is first deleted,then (Ti^_j...and so on,we can suppose rgcd 
(Lfe, ...,Lo) = A^. 

By symmetry, if we delete first ui-,, then (Tij-.-and so on, we can suppose 
Ai = Igcd (Lfe,..,Lo). 
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Now, if we consider Lk = Si^^X' = 6i-^5Di6'i^D26'i^D-i...Dk-i5'i^Dk ^ 

Lk-i = 6Di6[^D26ip:,...Dk-i5[^Dk ^ 1^-2 = 6D,D2Sip3...Dk-iSlDk ^ 

Lk-3 = 5DiD2D36'i^...Dk-iS-^Dk ^-^^ Lq = deltaDiD2D3...Dk-iDk, we can 
write Lk as 

Lk = SEiai_^E2a"p3...Eka'-^Ek+i 
Lq = 6EiE2E3...EkEk+i 

Finally, X = Lk and Y = Lq and doing as in (F), with ai^Eia"p20'iP3-.-Eka"^Ek+i -h 
EiE2E3...EkEk+i, we obtain the final result. 

REMARK: 

This last result gives practical consequences for the next algorithm. In- 
deed, with the following datas, 

P = (ji^A2(Ji^A3...Ak(Ji^Ak+i 

N = A2A3...AkAk+i 

(Tj^ is easy to compute, among the generators which begin P. 
Moreover A2 satisfies A2 = Igcd {aij^~^P, N)... and so on. 

Theorem 2 1 ALGORITHM 

Let b be a word in Bn+i-For a positive word w, we note beg{w) the set 
of generators left dividing w, beg{w) = [pja -< w). 

1- We compute the algebraic length ofb, k: 

if k < 0, STOP (b is not quasipositive;if k = 0, b is quasipositive iff 

b=l) 

elsewhere we go to step 2 

2- We compute the left normal form ofb, b = A~^bi...brbr+i...bs: 
if r <0, STOP (b is positive so quasipositive ) 

elsewhere we go to step 3 

3- For each < j < r, we compute Pj = bj+i...bs-r+j and we compute 
Nj such as bib2---bjNjbs-r+j+i---bs = 

4- We consider the set S with S = [Pq, Pr, Nq, Nr] and the empty 
set S' 

5- We begin with j = 

6- We set P = Pj and N = Nj and we add P to the set S' 
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7- We set m = 1 

8- For all elements P in the set S': 

we compute beg{P) and for each a in heg{P), we compute P' such as 
P = aP'. 

For each P' , we compute the normal form of N~^P' , we can write as 
N-^P' = A-^B. 

We add all theses P',A,B in the set S and we add all the B in the set 

S'. 

10-we set m := m + 1 

9- If m = k, we set j := j + 1: 

if 3 = f + ^ then we go to step 10 
elsewhere, we go to step 6 
Elsewhere, if m < k — 1, we go to step 8. 

10- If 1 belongs to the set S, then b is quasipositive. Keeping trace to the 
factors used,by noting them by A2, A/^-^i and ai^,...,ai^, we output the 
quasipositive form of a conjuguate of b: 

b' = ^j^_^p..^^Vi^^2<7"i3-"<7"ifc^fc+i 

and, the form ofb, b = T~^b'Tj with Tj = {bs-r+j+i---bs)- 
Elsewhere, STOP (b is not quasipositive). 

EXAMPLES: 

In 54, we put b = 2212-^2-^2-12-^322 with k = 2;its normal form is 

6 = A-^2321.32123.12321.32123.12.2132.2 

We have r = 4, s = 6 and 61 = 2321, 62 = 32123, 63 = 13221, 64 = 12, 
65 = 2132, be = 2 

so oi = 23, 02 = 2, 03 = 2, 04 = 1321, 05 = 13, qq = 13213. 

We have P = b-^h/^hr, = 12321. 32123.12;the obtained N is N = 02010605 = 
2.21.13213.31 = 2.21.132113.3. 

ButP = 123231212312 = 122321212312 = 122312112312 = 122132112132 = 
122132121232 = 1.2213.1211232 = 1.221132113.2.3. 

Wc have P = I.A2.2.A3 with A2 = 221132113 and A3 = 3: as = ^2-43 
b is quasipositive. 

If we consider now b = 123-^ with k = l;its normal form is 
b = A-I323.2132 so 61 = 323, &2 = 2132 and r = 1; and oi = 123, 
02 = 13. 

We have two possibilities for P: 

P = b2 = 2132 and N = ai = 123: P can't be reduced to 
P = bi= 323 and N = 02 = 31: P can't be reduced to N 
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Finally b is not quasipositive. 

If we consider now b, a word of algebraic length k written in its left 
normal form b = A~'^'b+, and we note by I the length of 6+,we obtain the 
next result. 

Theorem 3 1 The complexity of the previous algorithm is 0{n^P). 
PROOF: 

For the initial Pj and iVj, we have r + 1 choices. Let us note by x the 
complexity for compTiting the normal form of a word. 

At the end of the algorithm, the set S contains at most (r+l)n^ elements: 
for an initial Pj, we have to compute beg{P) k times and we have n choices 
of generators for this last. 

Moreover at each step, we have to compute the normal form of the 
elements we are dealing with (step 8), so the final complexity is about 

(r + l)n''x. 

In different litterature [3], it's proved that x is about nP. 
Finally, the final complexity is at most n'^^^P, which is 0{n!^P). 

Conclusion This algorithm and all its proofs only need the combinatorial 
properties of braid groups: the existence of Igcd, rgcd and A, and as a 
consequence, the existence of a normal form for every word and over all, 
the existence of a length function. Theses conditions beeing the classical 
definition of Garside groups,as braid groups,spherical Artin-Tits groups, (see 
[2], [3], [4]), the previous algorithm can then be used in all theses groups,with 
a same complexity. 
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